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Abstract. For a function f OL,[-110< p <1 with finitely many sign changes, Hu, Kopotun and Yu

[5] construct a sequence of polynomials p,OPR, which are copositive with f and such that
|- pP"p < c(p)w¢(f,n‘1)p, where w¢(f,n‘1)p denotes the Ditzian-Totik modulus of continuity in L,

metric. Also it was shown that this estimate is exact in the sense that if f has at least one sign change

then «; can not be replaced by «® if 0<p<1.In this paper we first show that almost copositive

approximation improves the rate to wg(f,n‘l)p from w¢(f,n‘1) the rate for the ordinary copositive

p

approximation. Our second theorem shows that it is impossible to obtain the first estimate interims of
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1. Introduction and definitions

Let L [a,b] be the set of all measurable functionga| such that

b 1p
[1]_ oy <. where [f]_ ., :=(ﬂf(x)\pdxj 0< p<1.(see [1] p. 19-

24)

Let P, denote the set of all polynomials of degeer, by N the set
of natural numbers. Thought this paper the notaﬂan(a,b) denote
constants that are depend only ap and is independent of every thing
else, and are not necessarily the same even ifob@y in the same line.

For Yo ;={yi,¥o,..,Ya: Yo =—1< Y, <...<y, <1=yg,} . We denote by
A(Y,) the set of all functionsf OL,[-11] such that(-1)"" f(x)=0 for
XO[Yy) Ve k= 01.2,...,s, it mean everyf OA,(Y,) has0<s<o sign
changes at the points ¥ and is nonnegative near A function g is said
to becopositive with f if f(x)g(x)=0 for all xO[-1]].

We are interested in coapproximation function frdk?(YS) by

polynomials p, of degrees n that are copositive witlf . For f [ Lp[— ],1]

let



E.(f), = inf

PnlR,

It =P,

denote the degree ahconstrained approximation and let

=)= int [t -p],.

PRy A0 (Ys
be thedegree of copositive approximation to f by algebraic polynomials

of degreen, where HprszHL The degree of intertwining

plab]’
polynomial approximation of functions f [ Lp[— J,l] with respect toY, is
given by

E,(f.Y,), =inf{P-Q| :P.QOP,P-fOA(Y,) and f -QOA(Y,)},
We caII{P,Q} an intertwining pair of polynomials fof with respect toy,
if P—f,f—pOA°(Y,).For more details see [7].

We denote J,(n0)=|y, -A(y )%y, +4a.(y, )n?|n [- 14,
j=0l...,s+1  and  denote O,(Y,0)=0°,J3,(n0) and
ON(Y,,0)=0%%3,(n0). If O=0 we shall also use the simpler notation
J;=71.(n,0),0,(Y,)=0,(Y..0) and OJ(Y,) = O(Y, 0). Functionsf and g
are calledcopositive on J O 1 :=[-11] if f(x)g(x)=00x0J . Function f

and g are calledalmost copositive on | with respect toY, if they are

copositive onl —O(Y,). We say thatf and g are strongly (weakly)

almost copositive on | with respect toY, if they are copositive on



| -0,(Y,,0) where£<0(¢>0). In particular, if £ =—-c, then strongly
almost copositive functions are just copositivefibea function class
(e—alma)(Y,):={f : (-1 £ (x)= 0 for xO1 - OY(Y,,00).
If s=0 it becomes:
(e-amA) = (e —alma)’(Y,)
={f: f(x)=0 for xO|-1+n?* 1-n?*,
the set of all strongly (weakly) almost nonnegatiuactions onl if

£ <0(¢ >0). Again if £ =0 we omit the lettee in the notation and use

(amA)’(Y,) and (almA)) the latter is the set of almost nonnegative

S

functions onl . If £ =-c0, strongly almost nonnegative functions are just
nonnegative.

We define a function class:

(alma)2(v,) ={f : (-2 £ (x) = 0forxO1 ~OF(Y,)}. The degree of almost

copositive polynomial approximation of f 0L [-11] n A°(Y,) is
EO(f,almY,), :=inf{”f -p|,:pOR, N (aImA)ﬂ(YS)}

Similarly, we define Eﬁo)(f,g—aImYs)p the degree of strongly (weakly)

almost copositive polynomial approximation 6f1L [-11] n 2°(Y,) by

means ofpOP, n (e —almA)°(Y,).



It was shown by Hu, Kopotun and Yu [5] thatfif changes its sign

in (-11), & being the best order of approximation:
Theorem A. If fOL,[-11] n &°(Y,)0< p<1 then for every nON -{0}
2(1.,), sclpla(f.m7),.

Also it was shown that:

One can not replace} (f,n*), by «?(f,n), for 0< p<1, where

awp(f.1),:=sup

O<hst

A (F L= 1)

2

is them™ Ditzian Totik modulus of smoothness witk(x) =+v1- x* , and

i=o\ |

A (f,x,[-11]) = {i(_m](—l)’““ f(x—ghﬂh) i XighD[— 11]}.

Little is known about copositive and almost copusitipproximation of
functions in L [-11]n &°(Y,) for 1< p<e and s=1 and it seems that
nothing is known in the case fér< p <1. It turns out that things become
more complicated in_ .

Now the ordercq; iIs impossible, we seek for a best rate. Our

theorem below shows that almost copositive appration inL , 0<p<1

improves the rate twj(f ,n‘l)IO from ag},(f ,n‘l)p:



Theoreml. Suppose f 0L [-11n A°(Y,)0< p<1 for any n>c(Y,) we
have
EO(f,amy,), <c(p,s)et(f,n?), (1)
The following theorem and corollary show that (&)exact for
O<p<1], thatis

Theoremll. Let Y, befixed. For any given A>0,0< p<1 and sufficiently

large nON, there exists a function f OC[-11]n A°(Y,) such that for

S

every polynomial p, 0P, which is copositive with f on

|:ys ¥ 1'3ys 1- 1'33’5} the following inequality holds

[t =p,|, > Anef(f.n?), )

P

where 3 < .
B 042

Corolarylll. Let Y, befixed. For any given 0< £ <1 and sufficiently large
nON thereexists f OC[-11] n A°(Y,) such that

S

EQ(f,e—almy,), >ac(p,s)wf(f.,n?),.

2. Weak Copositive Approximation



In this section we show in theorem | that weak cstncopositive

approximation inL_ ,0< p<1 improves the rate tw§ from az}, We first

need the following result from [6] :

Lemmal. Let Y,,s=0 be given mUN,x=2m+300< p<e, and let

S(x) be a spline of an odd order r =2m+1 on the knot sequence

{)g = cosﬂ} where n>c(Y, )is such that there are at least 4 knots x
il (Ys)

in each interval (y,,y..)i=0..s and 1,(Y;)={L...n}\
{i,i-1x <y, <x,} for some 1< j<s. Then there exists an intertwining

pair of polynomials{R, P} 0 P, for S with respect to Y, such that

le - PzHE < C(r,s,min{l p})pr_]Z__jEr_l(S, |Ai l |Ai+1)p, ifo<p<o (3

p
where I, =[x, x_]
Also we need the following assertion in [4]

Lemma2.forany f OL (1)0<p<1 and rON we have

E.(f), <c(p)a(f.n?),.
Pr oof of theorem I.
Note that

EO(f e-almy,)’ < E (f Y.



<|R - PRy, where R,P, the polynomials defined in

Lemma 1.Then Lemma 1 and Lemma 2 imply

>
[N

EL(S17012 ).

p

EV(f,e—almY,)’ <c(p,s)’

1
=

For f OL,(1)0< p<1 define a quadratic spline on

. "
Tk—ZSz{Xi =COSZT} ’ byssz = iciNisci =di|}1.”f‘ ! diD iS an
il (¥s) 1=-r B

1==r+

d” d”
absolute constarit’ = {tm —?,t? +?} t’is an auxiliary knots i 1]

(see [3], p. 223), to get

EV(f,e-amY,)’ <c(p.s)’S E,(S,1°017 )

i=1 P
<c(p.9)X a(f 71 iron)
i=1 p

sc(p,s)wj(f,n‘l)z. ®

3. The counter example

In this section we construct the counter exampéscdbed in

Theorem II. We show that weakly almost copositigpraximation doesn’t



do better than those Corollary Ill, in spite ofgar intervals in which the

restriction is relaxed.

Proof of Theorem 11

2
Let n=s+2, L(x)=[(x—1+2ysj —szl‘ll(x—yj) whereb<1_Tys
i

IS a constant, and let

. 1+y, ~ 1+y,
f(x)= L(x) if XD|: 5 b, : +b}
0 otherewise

suppose thaP) is true, it means there exists a polynomig|U P, such

that p,(x)=0 for XD[HGyS —b,1+6ys +b} and

If =P, = A’ (f,n) . Let us assumg = 0. Note that

%er 1/p
|f - LHp =[ zf L(X)pdx} , and since b<1+6ys <1+2ys we have
Trys_p
2

If -1, =c{pl***, and

a);‘(f ,n‘l)p < c(p)w;‘(f - L,n‘l)p +c;(p)a);}(L,n_1)p

<c(p)f - L] - of p)n“‘” L(4)H p

<c(p)o**'? +c(p)n”*.



Also by the well known inequality in [2]

[P, oy = P K)b-2) ™7 Pull sy O PLOR

-4, 2eloi {25732

Therefore
c(p)n? <|p, - f+[f -1,
< Aaf(t.), +olpl
<c(p)n’b?V*? +c(p)n +c(p)bz®
<c(p)n?b?V? +c(p)n.
This implies the inequality

c(p)n*b? = nfb®P < ¢(p)n™.

B
_l_i
Now letb=n P, then the last inequality implies

n4-3—2|f - nﬁ[_l_/;](%i] <c(p)

and



But this can not be true for sufficiently large since condition orng and

p in the theorem imply4 > -3+ 25 + 2,81 +0. @
Y
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